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Description of problems

Consider a dynamical system
Y(t)=F(Y(t), teR;, Y(0)=Y;
Yy € H — phase space
Ult): Yo = Y(t), teR
Problem 1. Let py be a Borel probability measure on H .
Def. {w,t € R}: w(B) =p(U'(t)B), B € B(H).

Theorem | p; — ploo as t — 00.

Problem 2. Let {ufj, e > 0} be a family of initial measures on H .

” Time-space scaling”: t — T/, © —r/e.

Def For 7#0, r € R, ¢ >0, ,ui/g e T distribution of the random
solution Y (r/e, 7/¢€).
Theorem |For 7 #£0, r € R?, ,ui/gr/g — ey as € — 0.

Corollary The correlation functions of limit measures u,, satisfy the

Euler type equation.



1. Model: Harmonic Crystals!

We study the dynamics of the harmonic crystals in Z¢, d > 1,
i(z,t)=— Y V(z—2(Z,t), z€Z) teR (1)

Jezd

u(z,0) = ug(2), u(z,0) =u(z), z€Z% (2)

V(z) is the interaction (or force) matrix, (Vkl(z))Z’lzl ,
u(z,t) = (ur(z,t),...,up(2,t)) ER", n> 1.

Hamiltonian functional

Huo()u() =5 3 () 45 3 walz) - Ve — ool )

Example: the nearest neighbor crystal or the simple elastic lattice:

2dy, +mi for z =0
Via(z) =0, k#1, Vil(z)=<¢ —m for |z] =1
0 for |z| > 2

with 5 > 0, my > 0. In this case, Eq.(1) becomes
ig(2,t) = (AL — mi)ug(z,t), k=1,...,n,

A — the discrete Laplace operator on the lattice Z¢,

Apv(z) == Z(’U(Z +e;) —2v(z) +v(z—¢j)), ej= (015, 04)

j=1

!see A.A. Maradudin, E.W. Montroll, G.H. Weiss (with I.P. Ipatova), Theory of Lattice Dyamics in the Harmonic
Approzimation, 1963.
O.E. Lanford III, J.L. Lebowitz, Time Evolution and Ergodic Properties of Harmonic Systems, in: Dynamical
Systems, Theory and Applications, Lecture Notes in Physics 38 (1975).
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Conditions on the interaction matrix V

V1] 3C,v>0: |V(2)]| < Ce# | 2 €72,

V2| V(z) is real and symmetric: VT(—z) =V (z) €R

V() := Z V(z)e*?, 6 €T (T - d-torus R?/(27Z)?)

274

V1, V2 — ‘7(9) = V*(Q) , real-analytic.

V3] V(8) >0 for every § € T?.
Def. Q(8) := (V(§)/* >0

ws(0), 0 =1,...,s, — eigenvalues of Q(8) (dispersion relations),

0<wi(f) <wyf) <...<ws(f) (1<s<n)

Lemma (i) w,(0) - real-analytic for § € T?\ C, with mesC, = 0.
(i) Q8) = > w,(0)11,(0), where spectral projections 11,(8) — real-

analytic on T4\ C, .

2

0 d
V4 det<89i89jwa<9>) #%0,0ecT*\Cy,, 0=1,...,s.

V5| For each 0 # o', w,(0) £ w,(0) # consty , with consty # 0.

V6] ||[V-1(6)| e LY(T9.



Remark In the case of the nearest neighbor crystal, the eigenvalues

of Q@) are

wi(0) = \/2fyk(1 —cosby) + ... + 29%(1 — cosby) + m2, k=1,..,n.

Condition V6 <= w;*(9) € L'(T¢). Hence, V1-V6 hold if either
(i) d >3 or(ii)) d=1,2 and my, >0 Vk.

Write Y (¢) = (Y°(t),Y(t)) = (u(-, 1), u(-, 1)),
Yy = (Y, Y) = (uo(-), wa(-)).

Then (1)-(2) becomes the evolution equation

Y(t) =AY (t), teR, Y(0)=Y,, (3)
0 1 ! /
where A = (—V O) : Vu:Z%Z:dV(z—z)u(z).

Def. H,, a € R, is the Hilbert space of ) = (up,u;) € R* x R”,
V5] =) 1¥%(2)P(1+ |2[)* < oo
2€Z4

Lemma V1, V2 = VY ,eH, FY(t)=U@t)Y; € C(R, Ha) to
the problem (3).



2. Convergence to Equilibrium

Random initial data Yy = (YOO, Yol) = (U0(°), Ul())
o is a Borel probability measure on ‘H, giving the distribution of Yj.

Conditions on the initial measure p;

S1| Ey(Yo(2)) = /Yg(z) po(dYy) =0, z€Z4.

S2| Qo(z,2") = Eg(Yy(2) @ Yo(2")) = qo(z — 2'), 2,2 € Z4.

S3| u has finite mean energy density,

Eo(|Yp'(2)1* + 19 (2)]%) = tr [Q0'(2,2) + Qy' (2, 2)] < eg < 0.

Def. o(A) =o{Y)(2), z€ A}, AC Z%.
The Ibragimov mixing coefficient of py on H,:

(AN B) — NO(A):“O(BN.

o(r) = sup sup
ABCZi  Aco(A),Becq(B) ,uo(B)
dist(A, B) > r po(B) >0

S4| g satisfies the strong uniform Ibragimov mixing condition?,

ie., ¢(r) =0 as r — co. Moreover, /rd_1901/2(r)d7“ < 00 .

0

Remark Instead of the strong uniform Ibragimov mixing condition, it
suffices to assume the uniform Rosenblatt mixing condition ® together
with a higher power > 2 in the bound S4. The uniform Rosenblatt
mixing condition also could be weakened.

21.A. Ibragimov, Yu.V. Linnik, Independent and Stationary Sequences of Random Variables, 1971.
3M.A. Rosenblatt, A central limit theorem and a strong mixing condition, Proc. Nat. Acad. Sci. U.S.A. 42
(1956), 43-47.



Def. p; is the Borel probability measure on ‘H, giving the distribution
of the random solution Y'(¢):

w(B) = w(U(—t)B), B e B(H,), teR.

Theorem 1 Let o < —d/2. Then

. Hao
(i) gt — poo, t — 00.

This means lim /f(Y) p(dY) = /f(Y) Uoo(dY), Vf € Cy(Ha) -

t—o0

(ii) Moo is Gaussian translation-invariant measure on H,, .

(iii) The correlation matrices of the measures p; converge to a limit,

@@A:/owwnwwwﬂq%%@_a,t%m,

Theorem 1 is proved in [T.D., A. Komech, H. Spohn, J. Math. Phys. 44 (2003), 2596-2620].

ArXiv: math-ph/0210039




Non translation-invariant initial measures pu

z=1(z9,...,24)

q-l-(z o ZI)) Zlazjll > a,

Oz, ) = { R

where ¢.(z) — correlation functions of some translation-invariant mea-

sures g4+ on H, with zero mean.

Theorem 2 (see?) y; — oo, t — 00, on the space H,, a < —d/2.

Application: Let uy = g4 be Gibbs measures, corresponding to

positive temperatures T # T', . Formally,

I B+ B
g+(dYp) = 7.¢ AT dvy(z), Be=T¢"

Def. g, are Gaussian measures with correlation functions gqy(z — 2)

r—1
of the form g4 (z) = F, ! [§+(0)], where §+(8) = T ( v 0<9> _(T) ) .

Lemma The limiting mean density of current energy is
Joo = —C(Ty —T_,0,...,0), with constant C' > 0,

that corresponds to Second law of thermodynamics.

“Theorem 2 is proved (i) for d = 1 in [C. Boldrighini, A. Pellegrinotti, L. Triolo, J. Stat. Phys., 30 (1983),
123-155]; (ii) for d > 1 - in [T.D., A. Komech, N. Mauser, J. Stat. Phys. 114 (2004), no.3/4, 1035-1083.
ArXiv: math-ph/0211017)




Remark Convergence to equilibrium measure was proved also for con-
tinuous systems describing by partial differential equations (see °):

I. Wave equations

i(z,t) = > Oi(aij(z)0u(z, 1)) — ag(z)u(z,t), z€R!, teR

1,7=1
az-j(a:) = (5@' + bZ](CIJ‘) , bij, ap € Cgo(Rd) , ao(a:) Z 0;

II. Klein-Gordon equations

ii(z,t) =Y (0; —i4;(z)u(z,t) —m u(z,t), zeR! teR,

J=1
m>0, AJEC(?O(RCZ), (92141%(91142 for d:2,

III. Hamiltonian system consisting of the scalar Klein-Gordon field cou-

pled to the "simple lattice”

1/')(x,t) = (A —mi(z,t) — ,z:du(k’,t) -R(z — k'), ze€R?
u(k,t) = (Ap — vd)u(k,t) — fER(x’ — k(' t)dx', ke Z

mo, vy >0, R € C®(R?), 36 > 0: |R(z)| < Ce*"l;

IV. Hamiltonian system consisting of a real-valued vector field
Y = (¢1,...,%,) and a particle with position ¢ € R

¢k(x7t) - (A _ mz)¢k7£33,t) - Q(t) ) Vpk(x), T € Rga t e R,
q(t) = —wq(t) — glf%(%t)v%(ﬂf)dw,

mp >0, w>0, ppbe CP(R®), k=1,...,n.

°I: (d > 3, odd) N. Ratanov (1984); T.D., A. Komech, H. Spohn (2002) ArXiv: math-ph/0508044;
(d >4, even) T.D. (2005)

II: E. Kopylova (1986); T.D., A. Komech, Theory Probab. Appl. 50 (2006), no.4, 582-611

III: T.D., A. Komech, Russian J. Math. Phys. 12 (2005), no.3, 301-325. ArXiv: math-ph/0508053
IV: T.D., Russian J. Math. Phys. 17 (2010), no.1, 77-95. ArXiv: 0711.1091
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3. Derivation of Limiting ” Hydrodynamic” Eq.

Let € > 0 be a small scale parameter,

{us, e > 0} be a family of the initial measures.

3.1. Conditions on

By(Y(2)) = [ Yile) ui(d¥) =0

Q.(z,2) =E(Y(2) @ Y(?)), 2,2 €Z"

R1| Ve >0, 2,2 € 7%,

|Q£<Z7 Z,)| < C<1 + |Z — Zl|)_7, v > d.

R2|For any r € R?, 2,2 € Z9,

Q:([r/e] +z,[r/e]+7) = R(r,z—2") as e—0.

Measures pg are locally homogeneous for space translations of order

1 1

much less than €=, and nonhomogeneous for translations ~ =~ .



3.2. Weak convergence

For 7 #0, r € R? let us consider the random field Y (z,):

z~rfe]l €Z t=7/e", k>0

Def. (i) uf — the distribution of the random solution Y (),
4§(B) = w(U(~1)B), B € B(H.), t € R.
(i) For 7#0, 1 € RY, 2, (B) = it u(ThyB), BEB(H,)

T/eRr/e

T}, — the group of space translations: T},Yy(z) = Yo(z — h), h € Z2.

Theorem 3 Let 7 #0, r € R, o < —d/2.

Ha
(i) Let k < 1. Then T p& e — 0 (in the sense of weak
convergence).
Ha

(i) Let k =1. Then Hy e nse ——7 ,uf:r, e — 0.

p& is a Gaussian measure on H,, , which is invariant under the time
translation U(t) .
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3.3. Euler limit (k =1)

Theorem 4 The correlation functions of u Jerfe CONVErge to a limit,

lin% Qcre(lr/el + 2, [r/e]l +2) = qru(z = &), 2,2 €Z%
E—

Remark ¢,.(0) = (cﬁ{r(ﬁ))}d:o satisfles the equilibrium condition,

Qry(6) = V(6)d%(6), 4%,(6) = —413(6).

Corollary Let r € RY 7 # 0. In the o-band the matrix-valued
function ¢, ,(6) satisfies the "hydrodynamic” Euler type equation:

(0. f,(1,7:0) = iC,(0)Vw,(8)-V,f.(r,7:8), r €RL 7 >0,

\
1 A .
| FolT 8)lm = SI,(6) (B(r,6) + Co(6)R(r, 6)C;(6) ) 1L, (6),
0 w ! L
where C, = ( 6 ) , II,(0) — spectral projections.
—w,
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3.4. Wigner matrices

Def. (i) a(z) := %(VIMU()(Z) +iV V() e, 2 ez,
where Vu = > V(z — 2 u(?).

Jeczd
(ii) The scaled n x n Wigner matrix is
Werir,8) = Y ¢™E (a'([r/e +y/2) @ a(lr/c — y/2))).
yeZd

Conditions on Q.(z,2') = Ilim W*e(0;r,8) = W;y(0;r,6).

e—0

Theorem 5 Forany r ¢ R, 7 >0,

lim We(r;r,8) = WP(r;r,0) (in the sense of distributions),

e—0

where the limit Wigner matrix is

P(1:r,0) ZH IWo(0; r—7Vw,(0),6)I1,(0).

Corollary Denote by WP(r;r,0), 0 = 1,...,s, the o-th band of
W?(r;r 8). Then WP is a solution of energy transport equation

BTW£<T; T, 9) + vw(f(e) ' eré)(T; r, 9) - 07 T > 07 rc Rda

WP(7;7,0)|r—0 = I, (6)Wy(0; 7, )I1,(6), r € RY.

For d =1, Theorem 4 was proved in [R.L. Dobrushin, A. Pellegrinotti, Yu.M. Suhov, L. Triolo,
J. Stat. Phys. 43 (1986), 571-607.]

For d > 1, Theorems 3-5 are proved in [T.D., H. Spohn, Markov Processes and Related Fields
12 (2006), no.4, 645-578. ArXiv: math-ph/0505031]
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4. Navier—Stokes Limit (x =2)

Random solution Y(z,t): |z ~ [r/e], t = 7/&2.

Theorem 6 Let » € RY, 7 # 0. Then for any z,2' € Z¢,
correlation functions of uf P have the following asymptotics

lim (Q&T/Ez([r/a] +z,[r/el+2) — F.(r,7, 2 — z')) =0.

e—0

The explicit formulas for F.(7,r, z) are derived.

A~

Corollary Set f.(t,r,6):= F.(¢t,r,0).
In the o-th band (¢ = 1,...,s) the function f. = f.(t,r,6) evolves

according to the Navier—Stokes type equation

’

Oif. = iCy(0) (wa(e) Vo fe + %tr [Viw,(6) - V2 fg]) , >0,

\ fli=o = %Hg(e) (R(r, 0) + C,(6)R(r, 9)0;(9)) IL,(6), reR%

0 f 4 0 w!
h 2f = = 7 =1,...,s.
where V< f (8%;873) , C (_wa 0 ) , O Y

1,7=1

Theorem 6 is proved for d = 1 in [R.L. Dobrushin, A. Pellegrinotti, Yu.M. Suhov, L. Triolo, J.
Stat. Phys. 52 (1988), 423-439]; for d > 1 —in [T.D., accepted in Theor. Math. Physics (2011)]
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5. Corrections of Higher Order (x > 2)

Random solution Y(z,t): |z ~ [r/e], t =7/, k > 2.

Theorem 7 Let k > 2, r € RY, 7 > 0. Then Vz, 2 € Z,
correlation functions of uf Jek g /e have the following asymptotics

lim Q. jenllr /] + 2, [r/2] + 2') = Fl(7, 7,2 = 21)) =0,

The explicit formulas for ol (1,7, 2) are derived.

Corollary Set 7 =71t k > 2. Then the matrix
HU(H)FA’f(Ek_lt,T; 6)11,(0) (denote it by fi(¢,r;6)) is a solution of

the following equation

Oife(t,r;0) = iCy(H) (ng(é’) -V, + %v%a(e) VT

(ig)k_l
k!

VEws(8) - v,’f) fi(t,r8), t>0, reR?

where, by definition,

d
O*w,(0) 0" f
k v = :

Theorem 7 is proved in [T.D., accepted in Theor. Math. Physics (2011)], Arxiv: 1110.0616 [math-ph]
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6. Harmonic Crystals in the Half-Space

21 ={z€Z: z >0}

We study the dynamics of the harmonic crystals in Zﬂlr ,d>1,
[z, t) == 3 (V(z=2) = V(z=2)u(,t), z€Z4 teR,

! d
z€Z+

u(z,t)],,=0 =0, teR,

| u(z,0) = ug(z), u(z,0) =w(z), z€ AR

Here Z = (—2z1,2), 2 = (29,.. ., 24) -

The matrix V' satisfies conditions V1-V6. In addition,

V(Zl, 29y . - ) = V(—Zl, 29y . )

The results of all theorems remain true with some modifications ¢. In

particular, the o -th band of the Wigner function W?(7;r,6) (denote it
by WP is a solution of the following problem

( aTWé)(T;T? 9) +vw0(9) ' vrwg(T;Ta 9) — 07 T > 07 re R:l-a

8 WE(r;i7,0)|—0 = W,(0;7,0), re€ Rﬂlr,

W2(1:7,0)|p =0 = W, (0; 7|O1w,(0)|, 7 — TO5w,(8),0), T > 0.

\

Ssee [T.D., Rus. J. Math. Phys. 15 (2008), no.4, 460-472] ArXiv: 0905.3472;
[T.D., J. Math. Phys. 51 (2010)] ArXiv: 0905.4806
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